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An Analytical Approach in Calculation of the
Inductance of Single-Phase Asynchronous Motors

Rusdy Hartungi, Luis Gomez-Agustina, and Zhihui Ye

Abstract—In optimizing design of the iron core, it is essential
to know the magnetic field of the coil outside the core to get the
leakage inductance, because the leakage inductance in this area
usually provides high contribution to the flux density in the iron
core. In this paper, an analytical solution as an alternative to
three-dimensional FEM (finite element method) to calculate the
field outside the iron core by solving analytical equation using
MathCAD is presented. The analytical method provides results
that are close to result given by three-dimensional FEM, but
with the great advantage of dramatically reduced computing
time.

Index Terms— Inductance, Single Phase Motors, AC
motors.

l. INTRODUCTION

winding around an iron core is used. A good example

is the single-phase two-pole permanent magnet motor
that could also work as an actuator. This motor is found in
many household appliances and pumps, but as actuators they
are used as a direct drive of the throttle plate for internal
combustion engines in the automobile industry. The
construction of such motor or actuator is shown in Fig. 1. It
is normally found that rather sophisticated design tools or
software programs for calculation of torques and power of
electric machines are available, however often these tools and
software have major drawbacks, as they ignore the leakage
flux outside the iron core, the flux density level of the iron
(i.e. the saturation level) or the leakage inductance are not
calculated precisely.

There are many applications, where a concentrated
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Fig. 1. Single Phase Permanent Magnet Motor/Actuator

As the coil is wound around the iron core, such as in a single-
phase permanent magnet motor/actuator, as shown in section
BB in Fig. 2, the leakage flux is rather high, therefore it is
rather imprecise to ignore them.
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Section BB

Fig. 2. Construction of single-phase two-pole permanent magnet motor.

Thus, it is essential that in a good motor design and
calculation of leakage inductance to incorporate the leakage
field in this area. Neglecting this leakage inductance provides
under estimates of leakage inductance; motor saturates at low
current and therefore, the real output torque is much lower
that estimated. Up to now this problem can only be solved
using three-dimensional Finite Element Method (FEM).
Two-dimensional FEM-calculations will give wrong results,
because the large coils overhang in axial direction of the
magnet is neglected. The problem with three-dimensional
FEM is that three-dimensional FEM are rather costly as it
takes much computation time as well as need pre- and post-
processing procedure. Therefore this FEM method is
impractical to be included into a design procedure. Because
of this an alternative using analytical approach will be
presented here.

To avoid an iterative calculation of the flux density in the
iron core, in this analytical method the relative permeability
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of the iron is assumed to be infinite ( 4, g, — o). This means

that, this analytical method assume that there is no saturation

exist (a normal approach in solving leakage flux using

analytical method [1].

The assumption of infinite relative permeability of the stator

iron has the following consequences in using this approach in

practice:

e The flux density level of the iron core calculated by this
procedure has to be checked against the material data: If
the calculated value is above the saturation level of the
material, some input data have to be changed to remain
below the saturation level of the material.

e Asingle value of the coil inductivity will be given. As the
inductivity decreases with increasing saturation, the coil
inductivity is constant below the saturation value.

Il.  MAGNETIC FIELD CALCULATION

The Cartesian coordinate system that will be used in this
model is defined as shown in Fig. 2. In this model we will
restrict the calculation of the magnetic field to values y >0 in
the x-y plane. Additional contributions to the flux density in
the iron core come from the part of the coil in the x-z plane.
As the method of calculation is in principle the same, this will
not be described in detail. With this, the total three-
dimensional field problem is divided into several two-
dimensional ones. Separation of the flux density in several
contributions and adding these up is allowed because of the
linearity of the problem (the assumption of infinite relative
permeability of the stator iron was made, see above).

A. Derivation of an Equivalent Problem

To find solution we are regarding the following two-
dimensional problem: instead of considering the outside
radius of the stacked iron, a lamination with rectangular
outside contour is assumed [2, 3]. In addition, the case of a
coil facing a finite iron will be approximated by the case of a
coil facing an infinite iron half plane [4]. In the half plane y >
0 this approximated field problem is equivalent to that one we
get with the help of reflection method as shown in Fig. 3. The
Cartesian coordinate system is defined as shown in Fig. 2,
because using this coordinate system the field distribution in
which we are interested will be represented in the first
quadrant (x > 0, y > 0). This makes the graphical
representation easier when the software tool MathCAD [5, 6]
is used for the calculation of the field distribution.
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Fig. 3. (a). 2-dimensional Finite Problem; (b). Equivalent of 2-dimensional
Finite Problem (infinite iron half plane); (c). Reflection Method

The field problem described above can now be solved
using Ampere’s law:

ﬁ.(ﬂ:N.l 1)

To get an impression which degree of simplification is

permissible, the following three calculations will be

performed:

e concentrating the coil to a single point in the x-y plane at
x=y =0 (i.e. "0-dimensional current distribution")

e concentrating the coil to a line segment (y = 0,
_%hcoil X< +%hcoil )

e regarding the real two-dimensional coil (
-b < y < +bcoi| ' _%hcoil X< +%hcoil )

In the last two calculations the total current (2.NI) has to be
distributed equally on the line segment or area, so that a
surface current density or a current density, respectively, has
to be considered. The solution of Equation (1) will then be
got through integration (over line segment or area,
respectively). In the following, the positive direction of the
current flow is assumed to be in the positive direction of the
z-axis.

If the coil is concentrated to a single point, the solution of
the field problem will not be cumbersome: The flux lines are
concentric circles around the coil, the field strength decreases
inversely proportional to the distance from the coil. As we are
calculating for air permeability in the whole plane (see Fig.

- —

3c) the flux density is B = 1, H . In the last two calculations
the total current (2.NI) has to be distributed equally on the line
segment or area, so that a surface current density or a current
density, respectively, has to be considered. The solution of
Equation (1) will then be got through integration (over line
segment or area, respectively). In the following, the positive
direction of the current flow is assumed to be in the positive
direction of the z-axis. If the coil is concentrated to a single
point, the solution of the field problem will not be
cumbersome: The flux lines are concentric circles around the
coil, the field strength decreases inversely proportional to the
distance from the coil.

coil

B. Calculation for the 0-dimensional current distribution

For a specific point (X, Y) of the x-y plane the x and y
components of the flux density distribution become (the
index "0" stands for the O-dimensional current distribution):

_ Ho oy =SINE)
BO,X(X’Y)_Z”ZNIW (X,Y)%(00)  (29)
Boyy(X,Y)=&2NILS(§) (X,Y)#(00)  (2b)

27 IX24y?

For (X, Y) = (0, 0) the field strength is not defined as the value
—>
for dlin Equation (1) will be zero. The angle { can be

calculated from ¢ =arctan (%) .

C. Calculation for the one-dimensional current distribution
If the coil is concentrated to a line segment (y = O,
—Thegi <x<+21hy; ), the x and y components of the flux
density distribution for a specific point), (X, Y) can be

calculated as follows (the index "1" stands for the 1-
dimensional current distribution):
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1h

2 eoil i
B, (X.Y) _ Mo 2NI .[ sin(¢) dx
27 Peoil s, /(X =)7 +Y 2
(X =x,Y) = (0,0) (3a)
N cos(¢)
By, (X,Y) =22 dx
27 Pegit s, (X =x)? +Y?
(X =x,Y) = (0,0) (3b)
The angle ¢ can be calculated from ¢ =arctan( )

X =X

D. Calculation for the two-dimensional current distribution

Considering the coil in its real two-dimensional expansion (

—beoit Y <+begi, —Fheot SX<+3hg) the x and y

components of the flux density distribution for a specific
point (X, Y) can be calculated as follows (the index "2" stands
for the two-dimensional current distribution):

B,y (X,Y)=
2NI %hwil Beoil —sin(cj)

Ho  eNT dxdy

2” hCO“ ZbCOiI ’%hcoil 7bcui| \/(X - X)2 + (Y - y)2
Bz,y(x Y)=

%hcoi' Degit

o 2NI cos($)

Lo 27 dxdy

27 hc0i| 2bcc)il ’%hcoil ~bgoit \/(X — X)2 + (Y - y)2
The angle ¢ can be calculated from ¢ = arctan(j( — y)

- X

E. Numerical Calculation

To solve Equations (2a, 2b) to (4a, 4b) the "MathCAD"
program has been used, where using this program, the
integrals in equation (3a, 3b) and (4a, 4b) are solved
numerically. In Figs. 4 and 5 it is shown the flux density
distribution for the first quadrant (x > 0, y > 0) for one- and
two-dimensional current distribution.
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Fig. 4. Distribution of magnetic flux density (in T) for the 1-dimensional
current distribution

v=coordinate in pun

x-conrdinale fn mnm

Fig. 5. Distribution of magnetic flux density (in T) for the 2-dimensional
current distribution

The x-axis (Fig. 2) is represented vertically while the y-
axis horizontally. The calculation has been performed for NI
=1000 A, heoil = 33.10° m and beoir = 9.10° m. There is no
field plot for the O-dimensional current distribution (i.e.
current concentrated in the center of the coordinate system),
because the result is obvious: We get concentric circles
around x =y = 0 with e.g. Bo|= 40mT for a radius of 10 mm.
It is obvious from these calculations, that only calculation of
the two-dimensional current distribution gives the right
result. For evaluating the flux density in the iron core of the
coil and the inductivity of the coil, it is sufficient to know the
flux density on the iron surface, i.e. the flux density for y =0.
In addition, only the y component has to be calculated: The x
component is always equal to zero, because it is assumed that
e pe =0 (the flux density vector is always perpendicular

to the iron surface if s, g, — oo is true). Because of this, the

complexity of calculation and time needed for iteration can
be reduced. In Fig. 6 it can be inferred that even for
calculating the flux density on the iron surface it is still
needed to consider the two-dimensional current distribution
to obtain the correct result.
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Fig. 6: Flux density versus x-coordinate for 0 =y and for 0-, 1- and two-
dimensional current distribution (dashed, dotted and solid lines,
respectively).

I1l.  PRACTICAL RESULTS

To further reduce the complexity and the calculation time, the
following simplifications will be introduced:
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o For || <dhyu (Fig. 3 for the definition of hsaor) e do

calculation for the two-dimensional current distribution
(even if the real field distribution will be deformed a little
bit by the finite expansion of the stator iron).

o For |X>1hg, We assume the current to be

concentrated into one point at (x, y) = (0, 0).
The second assumption is motivated by the fact that for y = 0

|X| > £ hyaror the flux density calculated for O-dimensional

current distribution is a reasonable approximation for the flux
density calculated for the two-dimensional current
distribution. For example, on the above calculation we get a
relatively small error of about 7% (hstator = 49. 10 m).

With this simplification a numerical evaluation of the
motor shown in Fig. 1 has been carried out. It could be shown
that the flux density in the iron core coming from the coil
leakage is the same magnitude as the flux density coming
from the desired flux path (i.e. the flux path crossing the
rotary magnet). This means that for an orientation of the
rotary magnet like shown in Fig. 2 the flux density of the iron
core is doubled just because of the leakage. Evaluating the
flux density in the iron core with maximum contribution of
the magnet (i.e. a magnet position perpendicular to what is
shown in Fig. 2) results in about 25% of the flux in the iron
core coming from leakage.

The inductivity can be calculated by differentiation of the
flux linkage with respect to the current:

oY
L="—+— 5
ol ®©)
The flux linkage can be obtained from:
¥ = NO ® = [B.dA (6)
A

As we assumed that no saturation occurs in the stator iron,
the flux density generated by the permanent magnet has no
influence on the derivative in Equation (5). Because of the
linearity assumption, Equations (5) and (6) can be simplified
to be L = NBA/I. In addition, we will calculate the inductance
just from the flux density in the iron core and the iron core
Ccross section:

L= NBCore Acore (7)
|
Here, the coil area in calculation of the leakage inductance is
neglected since the flux density in this area is relatively small,
at least 50 times smaller than in the iron core and that not all
field lines are coupled to all turns of the coil (the cross
sections of iron core and coil are of the same order of
magnitude).
For the purpose of comparison herewith we summarized
several methods in calculating leakage inductance using
several methods as shown in Table I.

TABLE |. COMPARISON OF CALCULATION OF THE LEAKAGE INDUCTANCE
USING SEVERAL METHODS [7]

L Difference with

(mH)  measurement
Result (%)
Analytical calculation without leakage 6.5 -58.6
Analytical calculation with leakage 14.6 -7.0
3D FEM calculation 13.6 13.4
Measurement 15.7 -

From Table I, it can be seen that the analytical calculation by
considering the leakage provides results that close to the

measuring value. The three-dimensional FEM calculation
comes next. It is obvious that the calculation without taking
into account the leakage leads to wrong results.

IV. CONCLUSIONS

In this paper an analytical quasi three-dimensional
calculation of leakage and inductivity for motors with
concentrated windings is presented.

To solve leakage flux problem in analytical manner, the
linearity assumption has been made; the three-dimensional
problem is then arranged into several two-dimensional. It is
obvious from this paper that calculating the exact two-
dimensional field distribution in each plane is essential in
order to know the leakage flux, which itself is important for
the flux density level in the iron core as well as for the
inductance.

The analytical method provides results that are close to
result given by three-dimensional FEM, but with the great
advantage of dramatically reduced computing time. There be
more advantage could be gained, when small changes are
needed to be made on the design. For FEM method the whole
model has to be set up again, whereas for the analytical
method just needed the adjustment of some input parameters.
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